1.
According to a classical theorem of Cayley, each group can be faithfully represented as a group of permutations of some set. In both theoretical and computational investigations of finite groups, it is often useful for the permuted set to be chosen as small as possible. Thus the minimal faithful permutation degree fi(G) of a finite group G is defined as the least positive integer n such that G is isomorphic to a subgroup of the symmetric group S n , and a faithful permutation representation of G on a set of cardinality /x(G) is called a minimal faithful permutation representation of G. In early results that will be relevant here, Johnson [3] determined n(G) for Abelian G and studied the number of orbits in minimal faithful permutation representations of nilpotent G, while Wright [7] 
proved that fi(G) = fJ-(H) + (J.(K) whenever G is nilpotent with a nontrivial direct factorisation G -H x K.
For computations with finite permutation groups, one often wishes to study quotients G/N of a permutation group G on a set f2, and for this purpose an efficient faithful representation of G/N as a group of permutations on a set of size comparable to the size of $7 would be useful. With this in mind, it seems natural to seek conditions which guarantee that the minimal faithful permutation degree n{G/N) is at most /x(G).
Some condition is certainly necessary, because in certain cases fj.(G/N) is very much greater than fi(G). For example, it was pointed out by P. M. Neumann in the introduction to [5] that the direct product of m copies of the dihedral group of order 8 [2] has a natural faithful permutation representation of degree Am but it has an extraspecial quotient which has no faithful permutation representation of degree less than 2 m + 1 . (As L. Pyber remarked to us, the direct product may be viewed as the base group of the wreath product of the dihedral group with a cyclic group of order m. This wreath product has a faithful transitive representation of degree 4m, but it also has a quotient which contains the extraspecial group which has no faithful representation of degree less than 2 m + 1 . This shows that assuming transitivity would not help.)
This paper addresses the problem of finding useful classes of groups G, or quotients G/N, for which we can guarantee that fi(G/N) < n(G). 
counterexample with n(G/L) < KG), contradicting the minimality of KG). D
It follows from this result that, if the group G has no Abelian composition factors, then fi(G/N) < KG) for every normal subgroup iV". This consequence of Theorem 1 was used by Jackie Walton in [6] to prove that, for all finite groups G and all normal subgroups N of G, fi(G/N) is bounded above by an exponential function of KG) • More precisely, she proved that (i(G/N) ^ ^(GJc**^" 1 where the constant c is approximately 5.34.
2.
In the rest of the paper we examine finite groups G with Abelian quotients G/N. It was remarked upon in [1] that, if n(G/N) > (J.(G) , then G is not Abelian and G/N is not cyclic. For this case, we proved in [4] that G/N is not elementary Abelian, and conjectured that G/N cannot even be Abelian. This conjecture is still open, and our objective here is to draw more attention to it by gathering information about a (hypothetical) minimal counterexample.
Almost all the results which admit concise statements follow readily from the work of Johnson [3] and Wright [7] that we mentioned above. As remarked at the end of Section 1 of [1] , the claim that G is a p-group follows from the proofs of Lemma l.l(a) and Proposition 1.6 in that paper. Suppose that N is strictly larger than the commutator subgroup G'. Each quotient of a finite Abelian group is isomorphic to a subgroup, so in particular the proper quotient G/N of G/G' is isomorphic to some proper subgroup of G/G'; say, to H/G'. Then H, G' is a counterexample with n{H) < fj,(G) and \H\ < \G\, contrary to the minimal choice of G, N. This proves that we must have N = G'. If G were a direct product, say, G = H x K with nontrivial H, K, we would also have G/G' -H/H' x K/K', and (by the minimal choice of G) neither H nor K could be a counterexample. It was proved by Wright [7] that n(G) = n(H) + fi(K) whenever G is nilpotent, and this would now show that G is not a counterexample either. This proves that G is directly indecomposable. If some minimal normal subgroup of G were to avoid the Frattini subgroup, it would be a direct factor, so the socle must lie in the Frattini subgroup.
Johnson [3] proved that, in a minimal faithful representation of an arbitrary pgroup, the number of orbits is at most the rank of the centre, and that this bound is achieved by at least one minimal faithful representation. The number of orbits in the representation of G considered in part (c) is therefore the rank of the centre. Next, Johnson's result applied to a transitive constituent G A yields that, if the centre of G A were not cyclic, then G A would have an intransitive minimal representation. However, then G would have a minimal faithful representation with even more orbits, so this cannot be the case.
To complete the proof of (c), suppose that a transitive constituent H = G A is Abelian, and set
The one remaining claim, namely fj,(G/G') -n(G) + p, will be part (c) of Lemma 3. Before we can state that, we need some technicalities about Abelian groups. As B is elementary Abelian, it follows that $2|Cj|/p = \Z\, and we have proved (a little more than) what we claimed. D Given a permutation representation G -» Symfi, we denote by fl/socG the set of (soc G) -orbits in fl, and by G^/socG) the kernel of the action of G on this set: that is. the normal subgroup of G consisting of the elements that leave each (soc G) -orbit setwise invariant. 
LEMMA 1 . If A is a finite Abelian p-group and B is an elementary

